The directional weak decay constants of neutral pions are determined at finite temperature T , chemical potential µ and in the presence of a constant magnetic field B. To do this, we first derive the energy dispersion relation of neutral pions from the corresponding effective action of a two-flavor, hot and magnetized Nambu-Jona-Lasinio model. Using this dispersion relation, including nontrivial directional refraction indices, we then generalize the PCAC relation of neutral pions and derive the Goldberger-Treiman (GT) as well as the Gell-Mann-Oakes-Renner (GOR) relations consisting of directional quark-pion coupling constant g 
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I. INTRODUCTION
Today's theory of strong interactions is quantum chromodynamics (QCD). At momentum scales of several GeV, QCD is a theory of weakly interacting quarks and gluons. At low momentum scales, however, QCD is governed by color confinement, which is accompanied by spontaneous breaking of chiral symmetry. According to the Goldstone theorem, spontaneous chiral symmetry breaking (SχSB) implies the existence of Nambu-Goldstone (NG) bosons. For two quark flavors, up and down, the isospin triplet of neutral and charged pions is identified as the NG bosons of SχSB. Thus, at low momentum scales, the weakly interacting pions build up the main degrees of freedom of QCD. There is strong theoretical and experimental evidence that chiral symmetry is restored at temperatures higher than 200 MeV. Crucial information on the restoration of chiral symmetry is provided by the change in the pion properties in the vicinity of the chiral transition point. Among these properties, the pions' mass, m π , and weak decay constant, f π , are the most important quantities, since they are deeply related to SχSB: m π and f π are related to the quark bare mass and the chiral condensate via the Gell-Mann-Oakes-Renner (GOR) relation [1, 2] . To study the properties of pions, models of Nambu-JonaLasinio (NJL) type have been quite useful [3] . One of the basic properties of these models is that they include a gap equation that connects the chiral conden- * Electronic address: shfayazbakhsh@ipm.ir † Electronic address: sadooghi@physics.sharif.ir sate and the dynamical quark mass. This provides a mechanism for dynamical chiral symmetry breaking and the generation of quark quasiparticle masses [4] . It is known that strong magnetic fields enhance this dynamical mass generation via the phenomenon of magnetic catalysis [5, 6] . Different aspects of the effect of strong magnetic fields on the properties of quark matter were recently summarized in [7] (see, in particular, [8] ). In our previous paper [9] , we have investigated the effect of external magnetic fields on the properties of neutral pions in a hot quark matter. In particular, the neutral pion mass and its directional refraction indices have been computed by making use of the effective action of a bosonized two-flavor NJL model in the presence of a constant magnetic field. We have shown that, since the presence of constant background magnetic fields breaks the Lorentz invariance, a certain anisotropy emerges in the refraction indices of neutral pions in the transverse and longitudinal directions with respect to the direction of the external magnetic field. In the present paper, we will mainly focus on the effect of external magnetic fields on the weak decay constant of neutral pions at finite temperature. We will show that this quantity exhibits the same anisotropy in the presence of constant background magnetic fields. Modifying the PCAC relation, 1 we will also prove the Goldberger-Treiman (GT) and GOR relations in the presence of external magnetic fields. The effect of a constant background magnetic field on the low energy relations of neutral pions was previously studied in [10] . Using a first order chiral perturbation theory, it was shown that f π 0 and m π 0 are shifted in such a way that the GOR relation remains valid at finite T and eB [10] . Very strong magnetic fields are supposed to be created in the early stages of noncentral heavy-ion collisions at the RHIC and LHC [11] . Depending on the collision energies and impact parameters, these magnetic fields are estimated to be of the order eB ∼ 1.5m 2 π , with m π = 138 MeV, corresponding to 0.03 GeV 2 , and eB ∼ 15m 2 π , corresponding to 0.3 GeV 2 , respectively [12] . 2 Although extremely short lived, the strong magnetic fields created in the heavy-ion collisions affect the properties of charged quarks in the early stage of the collision. Consequently, the properties of pions, even neutral pions, which are made of these magnetized quarks are affected by background magnetic fields. Let us emphasize that neutral pions cannot interact directly with the external magnetic fields, because of the lack of electric charge. Our method provides a possibility to study the effect of strong magnetic fields on neutral pions, at least at a theoretical level. Studying the properties of neutral pions in the final freeze-out region may provide some hints on the prehistory of their constituent quarks in the early stages of heavy-ion collisions.
The organization of this paper is as follows: In Sec. II, we will introduce the two-flavor magnetized NJL model, and, reviewing our analytical results from [9] , we will derive the effective action of neutral scalar and pseudoscalar mesons, σ ∼ψψ and π a ∼ψiγ 5 τ a ψ, in a derivative expansion up to the second derivative. 3 We will show that it includes nontrivial form factors. To study the dynamics of pions, we will mainly focus on the kinetic part of the effective action that implies a nontrivial "anisotropic" energy dispersion relation for neutral pions, Thus, according to (I.1), the energy dispersion relation of neutral pions in field-free vacuum turns out to be the well-known "isotropic" energy-dispersion relation Hence, in the chiral limit, 4 and in field-free vacuum, massless pions propagate at the speed of light.
At finite temperature, and eB = 0, however, the relativistic invariance of the theory is broken by the medium, but the isospin symmetry is still preserved. In this case a single refraction index is defined for all pions by The energy dispersion relation (I.1) is therefore given by E 2 πa = u 2 q 2 + m 2 πa , for all a = 1, 2, 3. This relation appears e.g. in [13] [14] [15] . According to the results in [14, 15] , the refraction index u, being a T -dependent quantity, is always smaller than unity (i.e. u < 1). Thus, as it turns out, in the chiral limit, massless pions move at a speed slower than the speed of light [16, 17] .
In [9] , we have studied the case T = 0 and eB = 0, and shown that the effect of the magnetic field is twofold: First, the isospin symmetry of the theory breaks down. Consequently, neutral and charged pions exhibit different properties in the presence of background magnetic fields. Second, for a magnetic field aligned in a fixed direction, a certain anisotropy appears in the transverse and longitudinal directions with respect to this fixed direction. In [9] , we have only considered the case of neutral pions, and we assumed that the magnetic field is directed in the third direction. Here, the above-mentioned anisotropy is reflected in the directional refraction indices as [9] u (1)
Thus, the magnetized neutral pions satisfy the anisotropic energy dispersion relation (I.1). Within our truncation up to second order derivative expansion, 5 the transverse refraction indices u
(1)
π 0 > 1, and the longitudinal one u (3) π 0 = 1, and they do not depend on temperature and/or magnetic fields [see Fig.  4 (b) in Sec. II]. As concerns the chiral limit, it turns out that whereas the massless pions propagate in the direction parallel to the magnetic field with the speed of light, their velocity in the plane perpendicular to the direction of the B field is larger than 1.
6 The natural question arising at this stage is how these results are reflected in the other properties of neutral and massive pions, in particular, in their low energy relations. In Secs. III-IV of the present paper, we have tried to answer this question by computing the "directional" weak decay constant of neutral pions using a modified PCAC relation, that leads naturally to modified GT and GOR relations.
In Sec. III, we prove the GT and GOR relations in two different cases: In Sec. III A, using the main arguments presented in [3] , we will first assume that the pions satisfy the ordinary isotropic energy dispersion relation (I.3). We will then combine the ordinary PCAC relation 6) and the Feynman integral corresponding to the onepion-to-vacuum matrix element, and then derive the ordinary GT as well as GOR relations
as well as
, is the axial vector current, g qqπ is the quark-pion coupling constant, m = m 0 + σ 0 is the constituent quark mass, including the bare quark mass m 0 , and the chiral condensate σ 0 = −2G ψ ψ , with G being the NJL coupling constant. In Sec. III B, we will then generalize the method presented in Sec. III A to the case of pions satisfying anisotropic energy dispersion relation (I.1). To derive the modified GT and GOR relations in this case, we will appropriately modify the PCAC relation as
for all µ = 0, · · · , 3 and a, b = 1, 2, 3. Here, the fourvector u
π b , i = 1, 2, 3 the directional refraction indices appearing in (I.1). In (I.9), f b is first an unknown dimensionful proportionality factor, which will then be shown to be equal to the constituent quark mass m. Following the same method 6 In our previous paper [9] , the directional refraction indices
π 0 , i = 1, 2, 3 defined by nontrivial form factors were computed with finite bare quark mass m 0 = 0. We recalculate u (i) π 0 , i = 1, 2, 3 by assuming that m 0 = 0. We get again u
π 0 > 1 as well as u (3) π 0 = 1. In this paper, since we are interested in the low energy theorems satisfied by massive pions, we do not attempt to go through the discussion of superluminal pions (for more discussions see [18] ). as in Sec. III A, we will derive the modified GT and GOR relations for all µ = 0, · · · , 3 and a = 1, 2, 3 as which, in contrast to (I.7) and (I.8), include the "directional" quark-pion coupling g (µ)
qqπ 0 and weak decay constants of neutral pions f πa . Note that for µ = 0 (temporal direction), the GOR relation (I.11) leads to the well-known GOR relation
arising at finite temperature and zero magnetic field [16, 17] .
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As aforementioned, the case of a nonvanishing magnetic field can be viewed as a special case, where neutral pions satisfy the anisotropic energy dispersion relation (I.1) with directional refraction indices given in (I.5). In Sec. IV, we will explicitly determine g 
qqπ 0 , as well as f (0)
π 0 . In studying the T dependence of these quantities, we arrive at g (0)
π 0 . Setting a = 3 in the GT and GOR relations (I.10) and (I.11), we will use these relations for neutral pions to prove numerically that f 3 , appearing in (I.9), is given by the constituent quark mass m. Using the numerical data for m
π 0 and m, we will compare numerically the left-and right hand side (r.h.s.) of the relation
which, comparing to the original GOR relation (I.11), includes the contributions of O(m 2 0 ). As it turns out, this relation seems to be exact for small T and eB. A slight deviation from this relation occurs at temperature above the chiral transition temperature. In Sec. V, we will summarize our results. A number of useful relations, which are used to derive the analytical results in Sec. IV, are presented in the Appendix.
in finite temperature QCD appearing in [16, 17] turns out to be equivalent to (I.11) in the NJL model.
II. THE MODEL
A. Effective action of a two-flavor magnetized NJL model in a derivative expansion
Let us start with the Lagrangian density of a twoflavor gauged NJL model
Here, ψ ν] is a constant tensor, with the only nonvanishing component F 12 = −F 21 = B. Defining the auxiliary meson fields σ and π as
where τ = (τ 1 , τ 2 .τ 3 ) are the Pauli matrices, the Lagrangian density (II.1) is equivalently given by the semibosonized Lagrangian as
The effective action corresponding to (II.3), Γ eff , is then determined by integrating out the fermionic fields ψ andψ,
As a functional of x-dependent meson fields
the effective action Γ eff consists of two parts, Γ eff = Γ (0)
eff . The tree-level part is given by
and the one-loop part reads
Here, the trace operation includes a trace over discrete degrees of freedom, spinor s, flavor f and color c, as well as an integration over the continuous coordinate x. The inverse fermion propagator appearing in (II.7) is given by
In what follows, we use the method used in [9] to evaluate the effective action Γ eff [Φ(x)] in a derivative expansion up to second order. To do this, let us assume a constant field configuration Φ 0 ≡ (σ 0 , 0) that breaks the SU L (2 f )×SU R (2 f ) chiral symmetry of the original action in the chiral limit. We then expand Φ(x) around this constant configuration,
Plugging (II.9) into the effective action Γ eff [Φ(x)], we arrive first at
where the summation over i, j = 0, · · · , 3 is skipped.
Here, the squared mass matrix M 2 ij and the kinetic matrix χ µν ij are given by
Choosing, at this stage, the kinetic matrix χ µν ij , as in [6, 9] , in the form 
is the part of the effective Lagrangian including only two derivatives,
Here, according to (II.5), the fields ϕ i , i = 1, · · · , 3 are identified by the meson fields σ and π. Following the standard algebraic manipulations presented in [9] , the effective action of the two-flavor NJL model including σ, π mesons, which is valid in a truncation of the effective action up to two derivatives, reads
where V denotes the fourdimensional space-time volume and Ω eff is the effective (thermodynamic) potential. In [9] , the thermodynamic potential of this model is derived at finite temperature T , finite chemical potential µ, and in the presence of constant magnetic field B. It reads
In a mean field approximation, the constant field configuration Φ 0 = (σ 0 , 0) is supposed to minimize the above thermodynamic potential Ω eff . In (II.16),
2|q f eB| , Λ is an appropriate ultraviolet (UV) momentum cutoff and
, where ζ(s, a) ≡ ∞ p=0 (a + p) −s is the Riemann-Hurwitz ζ-function, and α p ≡ 2 − δ p,0 is the spin degeneracy factor. In (II.16), E q is the energy of charged fermions in a constant magnetic field, which is given by
It arises from the solution of the Dirac equation in the presence of a constant magnetic field using the Ritus eigenfunction method [19] . Here,p q is the Ritus fourmomentum defined bȳ
where p = 0, 1, 2, · · · labels the Landau levels. Using the standard definition (II.11), the squared mass matrices of σ and π mesons, M 
, (II. 19) ∀ℓ, m = 1, 2, 3. The nontrivial form factors G µν and F 
∀ℓ, m = 1, 2, 3. Note that, according to our results in [9] , the pion mass squared matrix (M µν . The latter property is also shared by G µν . In the present paper, as in [9] , we are mainly interested in the properties of neutral σ and π 0 mesons in hot and magnetized quark matter. We therefore identify the π 3 meson with the neutral meson π 0 . To simplify the notations in the rest of this paper, we will denote (M 
and
(II.23)
Here, S Q (x, y) is the Ritus fermion propagator [9, 20] ,
with s Q ≡ sgn(QeB). 8 Having in mind that Q is a diagonal matrix with the entries q f = {2/3, −1/3}, we will use s ≡ sgn(q f eB) for the elements of this 2 × 2 matrix s Q . In (II.24),
Here, Π p ≡ 1 − δ p,0 considers the spin degeneracy in the lowest Landau level with p = 0. Moreover, f ±s p (x 1 ) are defined by
where φ p (x) is a function of Hermite polynomials H p (x) in the form
is the normalization factor and ℓ B ≡ |QeB| −1/2 is the magnetic length. In (II.24), D Q (p) ≡ γ ·p Q − m, withp Q the Ritus four-momentum from (II.18). Note that since Q = diag (2/3, −1/3) is a 2 × 2 matrix in the flavor space, building the trace in the flavor space is equivalent to evaluating the sum over q f ∈ {2/3, −1/3}. 8 The notation Dp appearing in (II. 24) , is used in a number of our previous papers (see e.g., [9, 21] to denote the Ritus measure of integration Dp = dp 0 dp 2 dp 3 (2π) 3 . The symbol D is not to be confused with D used normally in the measure of the path integrals in quantum field theory, e.g., D appearing in Dψ or Dψ in (II.4).
In [9] , the squared mass matrices of neutral bosons (M 2 σ , M 2 π 0 ) as well as the nontrivial form factors (G µν , F µν ), appearing in (II.15), are determined numerically at finite (T, µ) and eB. To introduce T and µ, we used the standard replacements p 0 = iω n − µ, and dp 0 2π
where ω n ≡ (2n + 1)πT are the fermionic Matsubara frequencies. As it turns out, at finite temperature and zero magnetic field, the meson form factors satisfy
For nonvanishing magnetic fields, however, they exhibit a certain anisotropy arising from the explicit breaking of Lorentz invariance by the background magnetic field directed in the third direction,
(II.30)
B. Pole and screening masses of neutral mesons and their directional refraction indices: A review of our previous numerical results
The effective action Γ eff [σ, π] from (II.15) can be used to determine the energy dispersion relations of neutral σ and π 0 mesons, which are generically denoted by M ,
Here, u
M , i = 1, 2, 3 are the directional refraction indices in the spatial i = 1, 2, 3 directions. They are defined by
Moreover, m M is the neutral mesons' pole mass given by
ReG 00
In the above relations, the squared mass matrices of neutral mesons (M In [9] , we used (II.32)-(II.34) and determined the T dependence of the neutral mesons' pole and screening masses as well as their refraction indices for vanishing and nonvanishing µ and eB. To do this, we first determined the T dependence of σ 0 , the minima of the thermodynamic potential Ω eff from (II.16). In Fig.  1 , the T dependence of the constituent quark mass m = m 0 + σ 0 is plotted for fixed µ = 0 MeV and eB = 0, 0.2, 0.5 GeV 2 . We observe that, for a fixed temperature, the constituent quark mass increases with increasing eB. Moreover, it turns out that the transition from the broken chiral symmetry phase, with m = 0, to the normal phase, with m ≃ m 0 ≈ 0, is a smooth crossover, and for stronger magnetic fields the transition to the normal phase occurs at higher temperatures. All these effects are related to the phenomenon of magnetic catalysis [5, 6] , according to which the constant magnetic field enhances the production of the chiral condensate σ 0 ∼ ψ ψ , and therefore catalyzes the dynamical chiral symmetry breaking. To determine m σ and m π 0 , we further developed in [9] the necessary technique to analytically evaluate the integrals (II.22) and (II.23) up to an integration over the p 3 momentum and a summation over Landau levels and eventually performed them numerically. In Fig. 2 , the T dependence of m σ and m π ℓ , ℓ = 1, 2, 3 is plotted for vanishing µ and eB. The free parameters of the theory, m 0 , Λ and G, are chosen so that they reproduce the pion mass m π = 137.7 MeV and m σ ≃ 824.3 MeV, for vanishing (T, µ) and eB (see [9] and Sec. IV for more details). As it turns out, for eB = 0, the pion masses are degenerate, i.e., m π1 = m π2 = m π3 . In the chirally broken phase, the temperature dependence of pions, m π , is very weak. This is because, in this phase, the pions play the role of pseudo-Goldstone modes. In the symmetry restored phase, however, pions are no longer bound states but onlyresonances [22] . In other words, they are expected to decay into (free) quarks and antiquarks.
This can only happen when m π increases with the temperature so that m π ≃ 2m (see below for the definition of Mott temperature at which m π = 2m). This is why, for temperatures larger than the crossover temperature, m π increases with increasing T .
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For nonvanishing eB, as it turns out, the pion masses are not degenerate anymore. We have m π 0 = m π + = m π − . Here, the global SU (2 f ) symmetry breaks to a global U (1) symmetry, where up and down quarks, because of their opposite electric charges, rotate with opposite angles. Thus, in the U (1) symmetry broken phase and in the chiral limit, whereas charged pions become massive, the neutral pion is the only possible massless Goldstone mode [23] . As we have shown in [9] , for eB = 0, the T dependence of the neutral pion mass exhibits the same behavior as m π (T ) for eB = 0 (see also Figs. 2 and 3).
As concerns the σ-meson mass, in the symmetry broken phase, m σ is large (m
π for eB = 0) and drops when approaching the crossover temperature [22] . In the crossover region, the σ meson dissociates into two pions (see below). For eB = 0, a possible explanation for this effect is provided in [24] . Here, it is shown that the σ dissociation in the crossover region is due to the occurrence of an s-channel pole in the scattering amplitude of the π + π → π + π scattering, in a process where a σ meson is coupled to the external pions via quark triangles (see e.g., [22, 24] for more details). For eB = 0, according to our results, the T dependence of the σ-meson mass is the same as m σ (T ) for eB = 0 [see Fig. 3 (a) and, in particular, Fig. 9 (a)-(c) in [9] for more details]. Whether this behavior for eB = 0 is also related to the appearance of a certain pole in the ππ-scattering amplitude is an open question, which shall be investigated in the future. In the chirally restored phase m σ and m π , become degenerate and increase with increasing T . These results are in agreement with the results for eB = 0 and T = 0 recently presented in [22] , where a possible definition of the crossover temperature is also provided. The latter is given by two characteristic temperatures, the σ-dissociation temperature T diss. , defined by
and the Mott temperature T Mott , defined by
These temperatures were originally introduced in [24] . According to [22, 24] , for T < T diss. , the σ meson can decay into two pions, and for T > T Mott , the pion decays into a constituent quark and antiquark; i.e., it is no longer a bound state [22] . In the chiral limit, both temperatures are equal to the critical temperature of the chiral phase transition T c . In Table I Comparing T diss. and T Mott for different nonvanishing eB in Table I , it seems that the crossover region is shifted to higher temperatures for increasing eB. In the chiral limit, where T diss. = T Mott = T c , as mentioned above, this would mean that the critical temperature increases with increasing eB. This phenomenon is related to the magnetic catalysis of dynamical chiral symmetry breaking in the presence of external magnetic fields. Recent lattice results [25] show, however, a certain discrepancy with this conclusion. As it is shown in [25] , for certain eB, the critical temperature decreases with increasing eB. This shows that the m dependence of T c is indeed not trivial. There are a number of attempts in the literature to resolve this disagreement [26, 27] , and to explain the so-called inverse magnetic catalysis [28] . Note, that, to the best of our knowledge, inverse magnetic catalysis was first observed in [29] within a two-flavor NJL model. In one of our previous papers [30] , we have also plotted the T -eB phase diagram for different fixed chemical potential µ. As it is shown in Fig.  14 At a fixed temperature below (above) the crossover region, the σ-meson mass increases (decreases) with increasing eB. In contrast, m π 0 decreases with increasing eB in both symmetry broken and restored phases. The qualitative behavior of the T dependence of m σ and m π 0 for µ = 0 remains unchanged for zero and nonzero eB (see Fig.  9 in [9] , where the T dependence of m σ and m π 0 is compared). In particular, m σ and m π 0 are degenerate in the symmetry restored phase T > 220 MeV.
Let us finally consider the directional refraction indices of neutral mesons, u In what follows, we will briefly review the results appearing first in our previous paper [9] for eB = 0 and T = 0. In Fig. 4 , the T dependence of u ] is plotted for various eB. The longitudinal refraction index of neutral mesons is equal to unity and independent of T (red dashed lines). In contrast, the transverse refraction index of neutral mesons is larger than unity and decreases with increasing eB. For a B field directed in the third direction, utrans ≡ u
M and ulong ≡ u and u trans π 0 , are T dependent and always larger than unity. It seems that, in the directions perpendicular to the direction of the external magnetic field, the neutral mesons move with a speed larger than the speed of light c. But, this is simply not true. Let us emphasize that, according to the dispersion relation (II.31), this conclusion is only valid for massless mesons, where directional group velocities coincide with u One of our main motivations in this paper, is to answer this interesting question. In the next section, we will show that directional refraction indices play an important role in the low energy relations of neutral and massive pions, once we have a medium at T = 0 and/or eB = 0. But, before coming to this, let us consider again the plots in Fig. 4 . As it turns out, for a fixed temperature, u trans M , M ∈ {σ, π 0 } decrease with increasing eB. This effect is strongly related to the dynamics of fermions in an external magnetic field. As it is stated in [6] , for very large magnetic fields, the motion of charged fermions is restricted in directions perpendicular to the magnetic field. A dimensional reduction from 3 + 1 to 1 + 1 dimensions occurs in the presence of very strong magnetic fields. Naively, one would expect that the properties of σ and π 0 mesons are not affected by external magnetic fields, simply because they are neutral. But, as is also argued in our previous paper [9] , the way we have introduced the background magnetic field in the original Lagrangian (II.1) and the semibosonized Lagrangian (II.3) shows that the effects of the external magnetic field on neutral mesons arise mainly from its interaction with the constituent quarks of these mesonic bound states. According to this argument, the behavior of u trans M , M ∈ {σ, π 0 } for fixed T and with increasing eB is a realization of the well-established dimensional reduction, appearing mainly in the lowest Landau level (LLL). Note that by increasing the magnetic field strength, the effect of higher Landau levels can be neglected, and the dynamics of fermions is solely determined by LLL, where the above-mentioned dimensional reduction occurs. This is the reason why at a fixed temperature u trans M , M ∈ {σ, π 0 } decrease with increasing eB. The same property occurs at zero temperature, where the transverse velocity of neutral pions is determined within an effective chiral model in the LLL approximation [27] .
Coming back to the plots of Fig. 4 , it turns out that for fixed eB, u trans σ decreases with increasing T , while u trans π 0 increases with increasing T . The same behavior is also observed for the T dependence of the mass of neutral mesons m σ and m π 0 for a fixed eB (see Fig. 2 ). In this paper, we do not intend to describe the nontrivial relation between u trans M and m M , with M ∈ {σ, π 0 }. All we want to do is use the neutral pions' directional refraction indices, and study the low energy GT and GOR relations satisfied by these neutral and massive pions. To do this, we will first modify, in the next section, the PCAC relation and prove the GT and GOR relations for T = 0 and/or eB = 0 in a model-independent way. In Sec. IV, we will then use the numerical data from the present section to prove the GT and GOR relations in a two-flavor magnetized NJL model at finite T . We will show, in particular, the role played by pions' directional refraction indices in satisfying these relations.
III. DIRECTIONAL WEAK DECAY CONSTANT OF PIONS IN RANDOM PHASE APPROXIMATION
It is known that finite temperature and/or constant magnetic fields explicitly break the relativistic invariance. One of the main consequences of this explicit Lorentz symmetry breaking is that the massive free particles satisfy nontrivial anisotropic energy dispersion relations, including nontrivial directional energy refraction indices. As concerns the massive neutral pions, the anisotropic energy dispersion relation is given by (II.31) with M = π 0 . Whereas at T = eB = 0 all refraction indices are equal to unity, at T = 0 and eB = 0, a single refraction index is defined by
π 0 , and at T = 0 and eB = 0, we have u
It is the purpose of this paper to determine the weak decay constant of neutral pions, f π , at T = 0 and eB = 0. To do this, we will generalize in this section the method presented in [3, 31] , where f π is computed at zero T and eB using a multiflavor NJL model. To do this, we will first review in Sec. III A the method presented in [3, 31] , by assuming that pions satisfy ordinary isotropic energy dispersion relations
Combining the usual PCAC relation and the Feynman integral corresponding to a onepion-to-vacuum matrix element in a random phase approximation (RPA), we arrive at the main relation leading to f π at zero (T, µ, eB). As a by-product the quark-pion coupling constant g qqπ will also be defined in terms of a quark-antiquark polarization loop, in the pion channel. In [3] , it is argued that in the chiral limit m 0 → 0, f π and g qqπ satisfy the GT and GOR relations. We will review the method presented in [31] , where these relations are proved in the leading and next-to-leading order 1/N c expansion.
In Sec. III B, we will then generalize the arguments in [3, 31] for free pions satisfying the anisotropic energy dispersion relation, E
To do this, we will first define the directional quarkpion coupling constant g 
−1 is the dressed quark propagator. The nontrivial solution of the above integral equation leads to a mass gap ∆E = 2m in the quark spectrum.
Similarly, mesons are described via a BetheSalpeter (BS) equation. In Fig. 6 , the BS equation for quark-antiquark scattering is demonstrated in RPA. In this approximation, the quark-antiquark scattering matrix
is given in terms of the quark-antiquark polarization
(III.4)
Here, Γ σ = 1 and Γ πa = iγ 5 τ a . The scattering matrix T M (q 2 ) can equivalently be written as an effective meson exchange between the external quark-antiquark legs [see the left-hand side (l.h.s.) of the relation appearing in Fig. 6 ],
where g qqM is the quark-meson coupling constant and m M is the meson pole mass. Note that the denominator in (III.5) reflects the isotropic meson energy dispersion relation
3) with (III.5) leads to the definition of the quark-meson coupling constant in terms of Π M (q 2 ),
which is equivalently given by [31] 
As it is argued in [31] , relations (III.8) and (III.9) are consistent with Hartree approximation (III.1) as well as the RPA scheme. To determine the pion decay constant f π , we consider the one-pion-to-vacuum 
is the axial vector current of an axial SU (2 f ) global transformation. The matrix element appearing on the r.h.s. of (III.10) is demonstrated diagrammatically in Fig. 7 . Note that in RPA, the quark propagator appearing in the quark-antiquark loop in Fig. 7 is the dressed quark propagator S(p) = (γ · p − m) −1 , including the constituent quark mass m. Combining the PCAC relation (III.10) and the Feynman integral corresponding to the one-pion-to-vacuum amplitude demonstrated in Fig. 7 , we arrive at
(III.12)
Contracting (III.11) with q µ and using the energy dispersion relation (pion on-mass-shell condition) q 2 = m 2 π , we arrive finally at f π in terms of g qqπ and Υ ab µ (q). As it is shown in [31] , f π satisfies the GT relation up to second order in m 0 . Let us emphasize again that the isotropic energy dispersion relation (III.6) plays an important role in proving (III.13) and (III.14) (see [31] for more details). In the next section, we will show how the above relations shall be modified, when we start from a nontrivial anisotropic energy dispersion relation q
π ℓ for free π ℓ , ℓ = 1, 2, 3 mesons. In Sec. IV, we will use the results arising from this general consideration to determine the directional quark-pion coupling constant and decay constant for neutral pions in a hot and magnetized medium.
B. Directional quark-pion coupling constant and pion decay constant from an anisotropic energy dispersion relation
Let us consider the Lagrangian density
for each pion species π ℓ , ℓ = 1, 2, 3. The above Lagrangian density is comparable to the Lagrangian of pion fields appearing in the effective action (II.15) for free mesons and leads to a nontrivial anisotropic energy dispersion relation 
Using L π ℓ from (III.15), the pion propagator
The metric g = diag(1, −1, −1, −1). In contrast to (III.5), the denominator reflects the anisotropic pion on-mass-shell condition Using (III.18) , the quark-antiquark scattering amplitude T M (q 2 ) from (III.5) with M = π ℓ is then modified as
Combining the "bare" quark-pion coupling constant g qqπ ℓ and the normalization parameter (form factor) |F 00 ℓℓ | appearing also in the definition of normalized pion fields, a "normalized" coupling constant g qqΠ ℓ is defined as
Equating, at this stage, T π ℓ (q 2 ) from (III.20) and the quark-antiquark scattering amplitude from (III.3) with M = π ℓ , we arrive first at
qqπ ℓ , (III.22) ∀µ = 0, · · · , 3 and ∀ℓ = 1, 2, 3. Note that in contrast to (III.7), the expression on the l.h.s. of (III.22) is to be evaluated in the rest frame of ℓth pion species, i.e. inq π ℓ = (m π ℓ , 0). Defining, at this stage, a directional quark-pion coupling constant g
plugging this definition into the l.h.s. of (III.22), and using (III.17), we get
Similarly, the directional quark-sigma meson coupling constant is defined by
It satisfies
As it turns out, the directional coupling constant g (µ) qqπ ℓ from (III.23) plays a crucial role in the definition of the directional weak decay constant of pions. This is determined by introducing the modified PCAC relation, which shall replace (III.10), whenever pions satisfy the anisotropic energy dispersion relation (III.16),
π ℓ q µ δ ℓm , (III.27) ∀µ = 0, · · · , 3 and ∀ℓ, m = 1, 2, 3. Here, f ℓ is an unknown dimensionful constant, which depends on (T, µ, eB), whenever they are nonvanishing. Later, we will show that, for neutral pions in the chiral limit m 0 → 0, f 3 = σ 0 , where σ 0 is the chiral condensate. For nonvanishing m 0 , we get f 3 = m, where m = m 0 + σ 0 . Note that in the chiral limit, where pions are (massless) Goldstone bosons, Eq. (III.27) leads to
in accordance with the Goldstone theorem. Here, the pion on-mass-shell condition (III.19) and the axial SU (2 f ) invariance, ∂ µ J ℓ µ,5 (x) = 0, are used. Using the Feynman diagram appearing in Fig. 7 for normalized pion fields, Π ℓ , the one-pion-to-vacuum matrix element 0|J where g qqΠ ℓ and Υ ℓm (q) are given in (III.21) and (III.12), respectively. Relation (III.29) leads, upon using (III.21) and (III.24), as well as the modified PCAC relation (III.27), to π ℓ for the ℓth pion species is defined by
In the next section, we will use (III.30) to determine f (µ)
Similar to the previous section, the directional quark-pion coupling and decay constants satisfy the modified GT and GOR relations,
where u
π ℓ is defined in (III.17). To prove these relations, we generalize the method described in [31] for the case when pions satisfy nontrivial, anisotropic energy dispersion relation (III.16).
As concerns (III.32), let us consider the modified PCAC relation (III.27) and combine it with (III.29). Differentiating the l.h.s. of (III.27) and using [3] 
with the quark-antiquark polarization, Π π ℓ (q 2 ) from (III.4), and Υ ℓm µ = Υ ℓℓ µ δ ℓm from (III.12), we first get
Expanding Π π ℓ (q 2 ) on the r.h.s. of the above relation around q = 0, and evaluating the resulting expression atq π ℓ , we obtain
which leads, upon using (III.22) for µ = 0, to 
This relation arises, similarly to (III.8), by equating (III.20) and (III.3) with M = π ℓ . Expanding the l.h.s. of (III.38) around q 2 = 0 and evaluating the resulting expression atq π ℓ = (m π ℓ , 0), we get first
+O(m As it turns out, whereas (III.34) plays an important role in proving (III.13) and (III.14), it is not so crucial to derive (III.32) and (III.33). In the next section, we will first use the above results to derive a number of analytical expressions for the directional quark-pion coupling and decay constants for neutral pions. Using these expressions, together with the modified PCAC relation (III.27), we will then analytically prove the GT and GOR relations (III.32) and (III.33), without using (III.34). We will then verify these low energy relations for neutral pions numerically and eventually present numerical results for g 
IV. DIRECTIONAL QUARK-PION COUPLING AND PION DECAY CONSTANTS AT FINITE (T, µ, eB)
A. Analytical results
Directional quark-meson couplings for neutral mesons
Let us consider the quark-antiquark polarization Π M (q 2 ) from (III.4) in the M ∈ {σ, π 0 } channel. In the presence of an external magnetic field the fermion propagators S(x) appearing in (III.4) are to be replaced by Ritus propagators, S Q (x) from (II.24)-(II.27). Plugging (II.24) into (III.4), we arrive first at
Here, Γ σ = 1 and Γ π 0 = iγ 5 τ 3 , and τ 3 = diag(1, −1) is the third Pauli matrix. The momentap andp are defined below (II.24). In (IV.1), integrating first over x 0 , x 2 , x 3 and then over p 0 , p 2 , p 3 components, we arrive at the boundary conditions p i = k i + q i for i = 0, 2, 3. In what follows, we will abbreviate these boundary conditions by a subscript "b.c." Plugging P p (x 1 ) from (II.25) into (IV.2), we arrive first at
where κ π 0 = −1 and κ σ = 1. From the decomposition
we have
) and
In (IV.4), the summation over q f ∈ {2/3, −1/3} replaces the trace in the flavor space. Moreover, we set N c = 3. In what follows, we will use Π M (q 2 ) from (IV.3) to derive the directional quark-meson coupling g 
, (IV.8) which arises from (III.23) and (III.25), choosing µ = 0, and eventually using
we arrive first at
for a nonzero magnetic field and at T = µ = 0. In the above relationsk
. To derive (IV.9) and (IV.10), we use the same technique, developed in [9] (A number of useful relations, that can be used to derive (IV.9) and (IV.10) are presented in the Appendix). At finite (T, µ, eB), we obtain
where Ξ M (x) is given in (IV.12). To introduce (T, µ), Eq. (II.28) is used. In the above relations ω
(IV.14)
Moreover, similar to the computation presented in [9] , we have used the functions
with ℓ ≥ 1, m ≥ 0. Using
the following recursion relations can be used to evaluate S
(IV.18) In Sec. IV B, we will numerically evaluate the sum over Landau levels k and the integration over k 3 momentum, appearing in (IV.13).
To determine g (1) qqM (q M ) −2 , we use (IV.8) with µ = 1. To compute the differentiation with respect to q 2 1 , we use the identity
|q M ,b.c. , which is correct forq M = (m M , 0). The integration over k 2 and x 1 can be carried out using
We arrive first at
, (IV.20)
for M ∈ {σ, π 0 }. Plugging (IV.4) into (IV.20), and using
pk , i = 1, 2, defined by
we first arrive for B = 0 and at T = µ = 0, at
At finite (T, µ, eB), we therefore have
where Ξ M (x) and ω M k (x) are defined in (IV.12) and (IV.14), respectively. In the Appendix, we will present the method we have used to sum over p in (IV.23) and to arrive at (IV.25).
As concerns g (2) qqM (q M ) −2 , we set µ = 2 in (IV.8). Using
|q M ,b.c. and
pk ,(IV.26)
pk , i = 1, 2 given in (IV.22), and eventually plugging these relations into the resulting expression, it turns out that
At finite (T, µ, eB), the inverse squared value of g (1) qqM (q M ) is given in (IV.25). In the Appendix, we will present the necessary relations that can be used to derive (IV.26). To derive g (3) qqM (q M ), we set µ = 3 in (IV.8). Using (IV.9) and (IV.10), we arrive at
where, at finite (T, µ, eB), the inverse squared value of g (0) qqM (q M ) is given in (IV.13). Note that, at this stage, in the limit of m π → 0, g IV B, we will evaluate numerically the k 3 integration and the summation over Landau levels k, which appear in (IV.13) as well as (IV.25). We will present the T dependence of directional quark-meson couplings g (µ)
qqM , µ = 0, · · · , 3, and M ∈ {σ, π 0 } at zero chemical potential and for eB = 0.03, 0.2, 0.3 GeV 2 . We will, in particular, verify (III.24) for all T -dependent pion masses. Moreover, we will use the data arising from these results for g We start by plugging the Ritus propagators (II.24)-(II.27) into (III.12), to arrive at
Integrating over x 0 , x 2 , x 3 , and eventually over p 0 , p 2 , p 3 components, we arrive at the same boundary conditions p i = k i + q i , i = 0, 2, 3, as described in the paragraph following (IV.2). Plugging P p (x 1 ) from (II.25) into (IV.31), and using the decomposi-
, as given in (IV.5), and
we arrive at
Using (IV.10) as well as
= 0, (IV.37) and performing the integration over k 2 and x 1 in (IV.34) for q =q π 0 , we get
Thus, in order to determine f (µ) π 0 from (IV.29), especially in the spatial directions, we have to expand the r.h.s. of (IV.29) aroundq π 0 , and then evaluate both sides atq π 0 . Keeping in mind that g (µ)
qqπ 0 , appearing on the r.h.s. of (IV.29) and defined in (III.23), depends, in general, on q, we obtain given in (IV.35), and using (IV.10) to evaluate the integration over k 2 and
for nonzero eB and vanishing T and µ, as well as
at finite (T, µ, eB). Here, S
k (x) from (IV.14) is defined in (IV.15) and can be evaluated using the recursion relations in (IV.18).
Plugging i = 1 into (IV.40), we arrive first at
are defined in (IV.36) with µ = 1. The integrations over k 2 and x 1 can be performed using
After plugging (IV.44) into (IV.43) and summing over p, by making use of the method described in the Appendix, we arrive, after some work, at
for nonvanishing eB and at zero (T, µ). At finite (T, µ, eB), we therefore get
π 0 , we use (IV.40) with i = 2. Plugging (IV.34)-(IV.35) into the resulting expression, using
and eventually summing over p, using the method presented in the Appendix, we arrive, after some algebraic computations, at
π 0 given in (IV.45) for nonvanishing eB and at zero (T, µ), and in (IV.46) for finite (T, µ, eB). Finally, setting i = 3 in (IV.40), and using (IV.10) to perform the integration over k 2 and x 1 , keeping in mind that, according to (IV.33), A
pk , we arrive easily at
π 0 given in (IV.41) for nonvanishing eB and at zero (T, µ), and in (IV.42) for finite (T, µ, eB). Using (IV.42) and (IV.46) as well as (IV.49) and (IV.50) for f (µ) π 0 , it can easily be checked that, in the limit
given explicitly in [9] . Comparing this relation with the definition of f (µ) π 0 from (III.31) with ℓ = 3, it turns out that the dimensionful constant f 3 , appearing originally in the Ansatz (III.27), is, in the limit of vanishing m π 0 , equal to the constituent mass m. In Sec. IV B, after numerically computing f 
Combining further (III.27) and (III.29) for ℓ = m = 3, and evaluating the resulting expression
on the pion mass shell, i.e., for q =q π 0 = (m π 0 , 0), we obtain
which leads, together with (III.24) and (IV.51), to
and eventually, upon using (III.24) and (III.31), to the GT relation
for neutral pions. Note that (IV.53) is the same as (III.37) with ℓ = 3. In Sec. III B, we have shown how the GOR relation (III.33) for neutral pions,
can be derived from (IV.53) and (III.38). As concerns the proof of (IV.51), we use (IV.34) and (IV.35) with µ = 0. Using (IV.10) to perform the integration over k 3 and x 1 , we arrive at
Expanding the r.h.s. of this relation in orders of m π 0 , we get
2 (ω k ) is defined in (IV.15) and ω 
which, together with (IV.57), leads to (IV.51). This proves the GT and GOR relations in the limit m π 0 → 0. In what follows, we will numerically verify, among others, these relations for arbitrary pion mass at finite (T, µ, eB).
B. Numerical results
In the previous section, we determined analytically the directional neutral mesons coupling and decay constants, g
qqM , M ∈ {σ, π 0 } and f qqσ , and the dashed red curves are the directional quark-pion couplings g (µ)
qqπ 0 . In contrast to eB = 0, for eB = 0, there is no difference between the quark-meson couplings in longitudinal and transverse directions with respect to the direction of the external magnetic field eB.
(T, µ, eB) up to an integration over k 3 momentum and a summation over discrete Landau levels. Using these analytical results, it is possible to prove the GT and GOR relations in the limit of m π 0 → 0. In the present section, we will numerically determine the T dependence of g qqM with g (1) qqM , which corresponds to quark-meson couplings in the longitudinal and transverse directions with respect to the direction of the external magnetic field. We then present the results for the T dependence of f π 0 . Using these numerical results, and the results from our previous paper [9] , we will numerically determine the dimensionful constant f 3 , appearing in the definition (III.31) with ℓ = 3. We will show that, for arbitrary m π 0 , it is given by the constituent quark mass m. Finally, a numerical verification of the GOR relation will be presented.
Let us start by fixing the parameters of our specific model, Λ, G and m 0 . As in [9, 30] The UV momentum cutoff Λ is necessary to perform the k 3 integrations in the results for g
π 0 from previous sections. It is also used to determine the upper limit c for the summation over Landau levels. We will fix c by building the ratio ⌊ Λ 2 |q f eB| ⌋ ≡ c, where ⌊z⌋ is the greatest integer less than or equal to z. To perform the momentum integrations over k and k 3 , we use, as in [9, 30] , smooth cutoff qqπ 0 = g
qqπ 0 and transverse coupling g (1) qqπ 0 = g (2) qqπ 0 are plotted, respectively. The couplings show different behaviors by increasing the strength of the magnetic field eB at fixed T , and similar behaviors before and after the transition temperature Tc ∼ 200 MeV. As it turns out, f (0) eters of the model as in (IV.59), the constituent mass m at zero (T, µ, eB) turns out to be m ∼ 308 MeV, as expected. Moreover, the pion mass and decay constant for vanishing (T, µ, eB) are given by m π ∼ 139.6 MeV and f π = 93.35 MeV, respectively. These values are expected from the phenomenology of a two-flavor NJL model [3] . We will limit all our numerical computations in this section in the interval T ∈ [0, 400] MeV for vanishing µ and eB = 0, 0.03, 0.2, 0.3 GeV 2 . As we have shown in [9, 30] , in this interval the chiral symmetry of the theory is broken and the quark condensate σ 0 ∼ ψ ψ , appearing in m = m 0 + σ 0 , plays the role of the order parameter of the transition from a chirally broken to a chirally symmetric phase.
In Figs. 8(a) -(c), we have plotted the T dependence of the directional quark-meson coupling g qqσ becomes equal to g
qqπ 0 and for
qqπ 0 . Moreover, as it turns out, for eB = 0, T diss. < T cross < T Mott . For eB = 0, however, we have to separate the longitudinal and transverse cases. Whereas for longitudinal couplings, we have T diss. < T cross < T Mott , for transverse couplings, we get T cross < T diss. < T Mott . Whether this tem- perature is of certain relevance, in particular, in the scattering length and the total cross section of mesonmeson scattering, where the thermodynamic properties of quark-meson couplings play an important role is under investigation.
In Fig. 9 , the T dependence of directional quarkpion couplings, g 
qqπ 0 from (IV.13) with M = π 0 is plotted in Fig. 9(a) , and the transverse quark-pion coupling g
qqπ 0 from (IV.25) with M = π 0 is plotted in Fig. 9(b) . Whereas the behavior of longitudinal and transverse couplings is different by increasing the strength of the external magnetic field for a fixed temperature, it turns out to be similar when we increase the temperature from T = 0 to T = 400 MeV. An inflection point arises in directional quark-pion coupling constants around the critical temperature T ∼ 200 MeV. Comparing the longitudinal and transverse quark-pion couplings in Fig. 10 , it turns out that g
qqπ 0 > g (1) qqπ 0 in the interval T ∈ [0, 400] MeV and for fixed chemical potential and magnetic fields. This is a direct consequence of the fact that the transverse refraction index of pions is larger than unity: As we have seen in Fig. 4, u (1)
with ℓ = 3, and u 
qqπ 0 , as is observed in Fig. 10 .
Let us now consider the longitudinal and transverse pion decay constants, f (0)
from (IV.42) and (IV.46), respectively. In Fig. 11(a) , the T dependence of f π 0 is plotted for vanishing chemical potential and magnetic fields. In Figs. 11(b) and 11(c), the T dependence of longitudinal and transverse decay constants of neutral pions, f isospin symmetry of pions, insofar as charged and neutral pions behave differently in the external magnetic fields. In contrast to the studies performed in [32, 33] , where chiral perturbation theory is used to study the effect of constant magnetic fields on the properties of charged pions, we focused on the properties of neutral pions in external magnetic fields.
In this paper, following the same method as in our previous paper [9] , we used an appropriate derivative expansion up to second order and derived the effective action of a two-flavor bosonized NJL model at finite (T, µ, eB) in this approximation. The resulting effective action is given as a functional of σ and π 0 mesons and includes a kinetic and a potential part. To derive the mass and refraction indices of neutral mesons, we focused, in particular, on the nontrivial kinetic part of the effective action, including nontrivial form factors. They were evaluated in [9] using the method presented in Sec. II. As it turns out, they play an essential role in defining the pole and screening mass as well as the directional refraction indices of neutral pions. As concerns the pions' refraction index, it turns out that in the presence of a constant magnetic field, aligned in a fixed direction, the refraction indices of neutral pions parallel to the direction of the external magnetic field and in the plane perpendicular to this direction are different. Within our approximation, where the contributions of pion-pion interactions are neglected, and at T = 0 and eB = 0, the longitudinal refraction index is unity for all nonvanishing T and eB, while the transverse refraction index is larger than unity. This is in contrast to the case T = 0 and eB = 0, where the refraction index for neutral pions in all spatial directions is equal to unity. This is also in contrast to the case T = 0 and eB = 0, where all spatial refraction indices are equal to and smaller than unity [14] [15] [16] . One of the possibilities to improve the results in this paper is to include pion self-interaction terms in the original Lagrangian for pions and to study the T dependence of directional refraction indices in the longitudinal and transverse directions in that setup.
Our central analytical result in this paper is presented in Sec. III. In Sec. III A, we briefly reviewed the method introduced in [3] and derived the weak decay constant of pions at zero T and eB. In this case, the pions satisfy an ordinary isotropic energy dispersion relation E 2 π = q 2 + m 2 π , and the weak decay constant f π is given by combining the ordinary PCAC relation and the Feynman integral corresponding to a one-pion-to-vacuum amplitude. As a by-product, the momentum-dependent quark-pion coupling constant g qqπ (q) is also defined. Our starting point in Sec. III B, however, was an anisotropic energy dispersion relation, E π , i = 1, 2, 3. Note that, according to the above arguments, the case of nonvanishing magnetic field and/or finite temperature can be viewed only as special cases of the general assumption of Sec. III B.
12 Introducing a modified PCAC relation with nontrivial four-vector u π 0 at finite T and eB first analytically in Sec. IV A, and then numerically in Sec. IV B. As it turns out, the longitudinal and transverse quark-pion coupling and weak decay constants satisfy g (0)
qqπ 0 = g (3) qqπ 0 = g (1) qqπ 0 = g (2) qqπ 0 and f (0)
π 0 . We determined numerically their T dependence for various eB. We showed that, whereas g (0)
qqπ 0 > g (1) qqπ 0 , we have f (0) π 0 < f (1) π 0 . This is a direct consequence of the fact that 1 = u (0) π 0 < u (1) π 0 , as it is shown in Fig. 4 . Moreover, for a fixed µ and eB, whereas the mass of neutral pions increases with increasing T [see Fig. 3(b) ], the directional decay constants of pions decrease with T . At fixed µ and T , they increase with increasing strength of the external magnetic field (see Fig. 11 ). As concerns the behavior of pions, directional decay constants f (µ) π 0 , µ = 0, · · · , 3 near the chiral transition point T c , it turns out, that, independent of the direction, they are almost constant but large at T ≪ T c , start to decrease at T ≃ T c and remain constant but very small at T ≫ T c . Moreover, the slope of this decrease as a function of T depends on the strength of the external magnetic field. The behavior of g (µ)
qqπ 0 and f (µ) π 0 in the external magnetic field and at finite T is strongly related to the behavior of the constituent quark mass m at finite T and eB. This relationship is reflected in the low energy relations of neutral pions, the GT and GOR relations. We not only derived these relations analytically in Sec. IV A, but also verified them numerically in Sec. IV B. The behavior of the constituent quark mass m at finite T and eB was discussed extensively in our previous paper [9] . Comparing Figs. 1 and 11(a)-11(c) , it turns out that m and f (µ) π 0 have similar T dependence for a fixed eB. The phenomenon of magnetic catalysis is reflected in the fact that at fixed µ and T , they both increase with increasing eB. As we have shown in Sec. III, f qqπ 0 . Let us finally note that our results can be improved by improving the approximation we have 12 Remember that at finite temperature, the refraction indices satisfy u used to determine the kinetic coefficients to higher order derivative expansion, or by making use of the functional renormalization group method, which was recently used in [34] .
Appendix: Useful relations
In this appendix, we present a number of useful relations leading to the analytical results presented in Sec. IV. Let us start with the orthonormality relations of f Finally, we present the method leading to g (1) qqπ 0 from (IV.25) and to f we arrive at (A.9). In all our examples in Sec. IV, f (p, k, x) has the general form
